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Representation functor

Let k be an algebraically closed field.
Let Alg, be the category of associative k-algebras.

Let CAlg,, be the category of associative and commutative k-algebras.
For A € Alg;, and n € N, consider

Rep,,(A) : CAlgy, — Sets, B + Homaig(A, Mp(B)). (1)

Theorem (Bergman - Cohn, 1974)

The functor Rep,,(A) is representable by A,, € CAlg,,

HomCAlg(Ana B) = HomAlg(Aa Mn(B))
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If we take B = k, then
Spec(Ay) := Homcalg (A, k) = Homayg (A, M, (k)).

So the algebra A,, is the coordinate ring of the variety of n-dimensional
representations of A.

Idea of Bergman-Cohn's theorem :

They considered the functor
Rep,(A) : Alg;, — Sets, B — Homa, (4, M, (B)). (2)
and showed it is representable by /A € Alg,

Homag (A, My, (B)) ~ Homp,( VA, B).

Then A, = (VA),,  (algebra abelianization).
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For an associative algebra A,

VA = (M, (k) « A)Mn(®)

where the RHS is the centralizer of the image of My (k) in M, (k) = A.

Thus, V/A is generated by elements

n

Q5 1= E EmiA€jim,

m=1

where a € A and e;; are the elementary matrices in M, (k).

Let A = C(x,y). Then /A is generated by xi; and y;(i,7 =1,...,n). In
fact,

{L/Z = C<I)37;j, yij> and An = C[l’ij, yij] .

mE = = = = (o}
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From representability of functors Rep,,(A) and ﬁé{)n(A), we obtain
adjoint pairs of functors

V=1 Alg, S Alg,, : M,(—)
(—)n: Alg, = CAlg, : M,(—).

If the category Alg, were abelian or exact category, one could ask
whether functors {/— and (—),, are exact, and if not, what their left
derived functors would be.

Y .Berest, G.Khachatryan, and A.Ramadoss, Derived representation
schemes and cyclic homology, Adv. Math. 245 (2013) 625-689
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Derived Representation scheme DRep,,(A)

We have defined the functor
Rep,, : Alg;, — CAlg;,, A— A,

How do we find/define DRep,,(A) ?

Consider categories: (DGAy,/CDGAy) .

O Alg;, — DGAj, and CAlg,, — CDGAy

@ Rep,, should be extended to a functor DGA;, — CDGAy

© DRep,, should be a functor Ho(DGAx) — Ho(CDGAy)

© Then DRep,,(A) can be defined by composition Alg;, — Ho(CDGAY)
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Theorem (Berest-Khachatryan-Ramadoss, 2013)
For A € DGAg, Rep,(A) : CDGA}, — Sets is representable.

(a) Hompga, (V/A, B) ~ Hompga, (4, M, (B))
(b) Homepga, (An, C) ~ Hompga, (A, M, (C))

Y—: DGAL S DGAy : M, (—)
(=)n: DGA = CDGAg : My (—)

The functors /— and (—),, admit right adjoint functor M,,(—). We
will define their left derived functors, denoted L(</—) and L(—),, in
the homotopy categories Ho(DGAy) and Ho(CDGAy,), respectively.
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Homotopy categories Ho(DGA, ) and Ho(CDGA,)

Theorem (Quillen, 1967)
DGAy, CDGAy are model categories.

We recall that a model category is a complete and cocomplete category C
equipped with three distinguished classes of morphisms: weak equivalences
(we), fibrations (fib) and cofibrations (cof) satisfying some natural axioms.

1. Let C = Top be the category of topological spaces.
(a) f e weiff fu:m,(X,2) = 7, (Y, f(x)) is an isomorphism for n > 0 .
(b) f €fibiff f is a Serre fibration .
(c) f € cof iff fis a “nice embedding”
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2. Let C = Com(R) be the category of chain complexes over a ring R.
(a) we := Quasi-isomorphisms (maps inducing isomorphisms on homology).

(b) fib := Degreewise surjections (f, : C,, = D,, is surjective for all n).
(c) cof := Degreewise injections with projective cokernels.

One can similarly define the model category category structure on DGAy
and CDGAy.

Definition

For a model category C, the homotopy category Ho(C) is a category with
the same objects as C, and for two objects X, Y

Homyo ) (X, Y) := Home(QX, QY) /we,

where QX, QY are cofibrant (quasi-free) resolutions of X, Y respectively.
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1. Ho(Top) ~ classical homotopy category of CW complexes.

2. Ho(Ch(R)) ~ D(R) the usual unbounded derived category.

Now are ready to formulate the main definition of BKR (2013).

Definition

L(=)n: Ho(DGAy) — Ho(CDGAy),
L(A)n = (QA)n,

where, QA is a (cofibrant) resolution of A, is called derived representation
functor and L(A),, derived representation scheme .

The homology of the complex L(A),, is denoted by H.(DRep,(A)) and is
called called derived representation homology of A .
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Example (Computation of L(A),)
Let A = Clx,y].

1. Then QA = C(u,v,w) is a free DG algebra on three generators where
deg(u) = deg(v) = 0,deg(w) =1 and dw = uv — vu.

QA=A u— z,v—=y,w—0

this induces Ho(QA) = A
2. Let w;j,v;; be variables of deg=0, and variables w;; of deg=1. Then

n\/ QA= C<um7 Uzy;'wzy) with a(wlj Z Uik V5 _Uikukj)

k=1

L(A), = QA, = (V/QA)ap = Cluij, vij, wij]
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GL,, action on Rep,,(A)

Let B € CDGAy, and Rep, (A)(B) = Hompca (A, M, (B))

GL, x Rep,,(4)(B) — Rep,,(4)(B)
(9.0) = 0% p%(a) = gpla)g™
BKR showed that the functor of taking GL,, invariants
(=) . DGA, 2 cpaa, 22 epcay
has the left derived functor
L(—=)S™ : Ho(DGA) — Ho(CDGAy), L(A)S = (QA)G "

BKR showed that H, ((QA)SL") = H,(DRep,(A))SLn.
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Let A = C[z,y|. Then recall from above
QAn = C[mij, yij,wij], dwij = 000

The GL,, action is defined via the action on the matrices X = (),
Y = (y;j) and W = (w;;) by conjugation. Then

L(A)SY = Claj, yij, wif] .

The description of L(A)ST" is quite complicated. For example,
L(Clz,y])$™ is a quotient of polynomial algebra on 32 generators and 120
relations (X. Garcia-Martinez- E.- R.Turdibaev, Adv. Math. 2025)
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Cyclic homology

Let A € DGAj. The commutator quotient space
A
A, A]
where [A, A] is the super-commutator subspace. Then, we get a functor
(=) : DGA, — Com(k), A — Ay

Ay =

Theorem (Feigin-Tsygan)

The functor (—)y has a derived functor.

L(—)y : Ho(DGA}) — Ho(Comy,)
A — (QA);.

Moreover, for V. A € Ho(DGAy), | L(A)y ~ CC4(A)|. This implies

H,(L(A);) = HCW(A)].

y.
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Universal representation

In (b), If we take C' = A,,, then

Homcpaa, (An, An) ~ Hompga, (4, My (Ay)).
The universal representation is the one corresponding to 14, :

A A— My(A,).

If pE HomDGAk (A,Mn(C)), then 3 unique p e HomCDGAk (An, C),

M,(p): My(A,) = M,(C) so that

A T~ My,(A,)
\ an(ﬁ)
M, (C).
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Consider A ™25 M,,(A,) I A, which vanishes on [A, A]
Tr: Ah — An

Theorem (BKR)

For A € DGAy, the trace map Tr descends to a map of chain complexes
DTr: L(A)y — L(A), derived trace

and it induces

[DTr: HC.(A) > H.(DRepy(4))].
(Remark ... |

In fact, we have DTr: L(A), — L(A)§M or

DTr: HC.(A) — H.(DRep,(A))Sn .
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(a) DRep,,(A) can be written explicitly, but DRep,, (A)%" is quite
complicated.

(b) DTr is a chain map, and hence "linear". Is there any "nonlinear"
generalization of this map?

A: Derived multiplicative polynomial laws.
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Multiplicative polynomial laws

Let R be a commutative k-algebra. Let Mod(R) be the category of
R-modules.

Definition
Let M, N € Mod(R). A polynomial law ¢ : M — N is a family of maps

{¢pa: A®RM — A®R N}accalg,, such that for all f € Homcaig(A, B)

A®RM 4 A®RN
f®1dMl lf@IdN
BerM—2" ~ BN

A polynomial law ¢ : M — N is called homogeneous of degree n if
dlau) = a"¢(u),for all a € A,u € A®r M, A € CAlg,, .
We denote by P™(M, N) the set of all polynomial laws of degree n.
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If M and N are k-algebras and

da(ry) = pa(x)pa(y)

dA(Lagm) = Lagn.

for all z,y € A®y M, then ¢ is called multiplicative .

We denote by MP'; (M, N) the set of all multiplicative maps of degree n.

1. MPL(A, B) = Homyyg, (4, B).

2. B € CAlgy, det: M, (B) — B is an element of MP%;(M,,(B), B).

3. If B € CAlg,, then b+ b" is an element of MP%(B, B).
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Divided power algebra (DPA)

Let M be an R-module. Then the divided power algebra of M, I'r(M),

is a commutative algebra with identity 1z and product x, and generators

m®) for all m € M,k € Z, and the following relations are satisfied:

(am)® = a'm®@, foralla e R,ieN
(m +n)*) =2 i _pom® xnl) forall k€N
(m)@ x (m)W) = (")ym(+9), for all 4,5 € N.

We write alil) (r)

X -+- X ap'’ in the form [T’ @)

. As an R-module

j=1%
I'r(M) is the R-linear combination of finite products | ay]).
Ik (M) := the submodule generated by {[]’_; a; ) > i—1 iy =n}
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Let f: M — N be R-module homomorphism. Then we define

So I': Mod(R) — Algp, is a functor.

Fact. The map
A M = T%(m), 7™

is a polynomial law of homogeneous of degree n.

Theorem (Roby, 1963)
HomMod(R)(I‘%(M),N) ~ P%(M,N) given by ¢ — ¢ o~".

So I'4 (M) is representing object of P'%(M, —) functor.
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Theorem (Roby, 1980)
If A is an R-algebra.

(i) I"4(A) has a structure of an R-algebra whose product is denoted by *
and is given by

a™ «b™ = (ab)™  forall a,be A.
So, we have a functor

(i) Forany A, B € Algg, |MP%(A, B) ~ Homyyg, (I'4(A), B)

(iii) IfC € CAlgg, then | MP%(A, C) ~ Homaj,, (I'(A4)%, C) |

For A € Algg, T%(A) and "4 (A)? are the representing objects of
MP’L(A, —) in the categories Alg and CAlgp respectively.
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Derived divided power algebras

Let R be a commutative ring, let DGAg and CDGAFR be the categories of
DG R-algebras, and DG commutative R-algebras, repectively.

Let M be R DG-module with differential O of degree = —1. Then the
divided power algebra of M, denoted by I'r(M) is a DG commutative
R-algebra with conditions (1)-(5) above and

(6) d(mD) = (dm)M x mE=1), for all i € N.

Let A € DGAy. Then (I4(A), *,d) is a DG R-algebra.

Let A,B € DGAR and C € CDGAR. Then
(1) DGMP%(A, B) ~ Hompga (T (A), B)
(2) DGMP%(A, C) ~ Homepga 5 (TR (A)?, C)
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The functor

F;%(—) : DGMOdR — DGMOdR
M — T's(M)

defined by Dold-Puppe in 1958.

In 1967, Quillen showed I'%,(—) has the left derived functor.

Theorem (Chen-E., 2025)
The functor

'y : DGAy — DGA;, A~TE(A)
has a left derived functor

DT} : Ho(DGAj) — Ho(DGAy)
A= TP(QA)

where QA is a cofibrant resolution of A.

o’
= = = = = KaNowa
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Definition
For any A € DGAy, DI';(A) is called the derived Schur algebra.

For A € DGAy, we define
Sym"(A) := (AZ")5
n-th tensor symmetric algebra . Then the map

I"(A)—=Sym"(4), 2™ %

is an isomorphism of k-algebras when char(k) = 0.

In invariant theory, the algebra Sym™(A) for A = Endy (V) is called Schur
algebra . In that case

Sym"(A) = Endg, (V®™).
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Derived divided power and derived representations

Let A € DGAg, B € CDGAy, and p € Hompga, (A, My (B)). Then
detop € MP(A, B).
Since MP4(A, B) ~ Homcpga , (IR (A)%, B), there is a unique map

det, : I":(A)® — B,
det op = det, o ¥".

In particular, for mq : A — My, (Ay)
det := dety, : F%(A)ab — A,.
Since det is invariant under GL,, action, we get a map

det : IR(A)™ — AGLn,
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Theorem (Chen-E, 2025)

For any A € DGAy
det : DI'%(A4)" — DRep,, (A4)%™"

is an isomorphism in Ho(DGAy).
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Higher order trace map

Let B € CDGAy,. For a matrix b € M, (B), let e;(b) := tr(A'b), which we
call the i-th higher order trace of b. It is well-known that

det(A- T —b) = A”+Z BN

For any A € Ho(DGAy), let us denote
ccil(A) := (DTy(A);, 9)

and call it the i-th higher order cyclic complex of A.
Then we obtain a well-defined chain map:

DT : CCY(A) — DRep,, (4)°L", @ e;(u),

which we call the i-th derived higher order trace map .
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