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e A is a simple vertex operator algebra
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Lerdneiftorn e G is a finite automorphism group of A
actions o Orbifold theory: Study the A9-module category

Schur-Weyl
duality

Results in orbifold theory relevant to this talk

Galois cor-

respondence .
S @ Schur-Weyl duality
@ Galois correspondence

Bl @ A complete Galois correspondence
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irr(G) : irreducible characters of G
Wy: irreducible G-module affording to A € irr(G)

yl duality[Dong-Li-Mason 96, Kac-Todorov 97]

Q A = ®jein(e)Wr® Ax where A, is the multiplicity space

of Wy in A
Q {A, | A € irr(G)} are inequivalent irreducible AG-
modules y

The duality result holds for any compact Lie group acting
continuously on A
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Galois crespondence[Dong-Mason 97, Hanaki-Miyamoto-

Tambara 99

Let A be a simple VOA and G a finite automorphism group
of A. Then

Hw— A"

gives a one to one correspondence from the subgroups of G
to the sub VOAs of A containing A“

.

Galois correspondence[Dong-Jiao-Xu 2013]

If we assume further that A is rational, Cs-cofinite and the
weight of any irreducible twisted module is positive except
A itself, then dim ¢ A = (ﬁn% = 0o(G) (no category theory
involved)
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Problem: Not every sub VOA B of A can be realized as A
for some group G

o Is there a replacement for G such that B arises as a fixed
point of some action?

@ Does VOA A have generalized symmetries beyond group
action?

@ Yes, there is a fusion category F acting on A such that
B = A7 . The fusion action gives generalized symmetries

o In fact, there is fusion action on any condensable algebra
A in a modular tensor category C!
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Tt e F : Fusion category
o Irr(F) : equivalence classes of simple objects
Schur-Wey] o F(x,y) : morphism space from z to y for z,y € F
- o K (F) : the fusion algebra over C which is a semisimple
remdlenes associative algebra
f:)“ e C : modular tensor category (MTC)

Examples
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@ Aisan algebra: ma: AQA— A, ug:1— A

Introduction

Fusion o A is connected: dim Homg(1,A4) =1
ic]l?ns\\e\l o A is commutative: myg = maRa 4 where
duality Raa:A®A— A® A is the braidng
L dimA£0

S 0 0y=1

@ emy : A® A — 1 is nondegenerate where ¢ € C(A,1)
denotes the section of uy (A4 = A*)

Examples
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Introduction @ M €C is aright A-module: my; : M @ A — M
o e Right A-module M is called local module: €3 = Aids
Schur-Weyl o A-module category C4 is a fusion category
5 G o Local A-module category CY is a MTC
FMIIHH o a(x) =x®@AcCyforxel
- e Any simple object of C4 is a subobject of a(x) for some
Breormasis simple z € C )
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Fusion a

For z € C,

ion on ¥

Y eCqand ge W, =C(z,A)
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Introduction
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actions

Schur-Weyl (X ®A Y)f = X(Yf)

duality
for X, Y € C4 and f € W,. In particular, W, are mod-
ules for K(Ca)
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The objects Y € C4 acting on A is defined by an algebra
Content homomorphism K(C4) — C(A, A).
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p(Y) = Yida =

duality

for Y € Irr(Ca),

Galois cor-

respondence

Fusion
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VOAs where
Examples C(A A @ C :L‘ A) ®C(A -'L')
z€lrr(C)
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Content e = m > Xeln %) da(X)X is a primary idempo-

Introduction tent element of K(Ca)

- @ ¢1K(C4) is a semisimple ideal of K(Cy4)

S o Let V be a K(C4)-module. Define C4-invariants (fixed
" points)

Ve ={feV|Xf=daX)f for X € Irr(Ca)}

actions on

VOAs

Examples a‘nd ACA = ZI: WZSA ® z
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Fix C and A. Then

The kernel of the action is equal to (1 —e1)K(C4)

For any = € Irr(C) with W, # 0, W, is an irreducible
K (C4)-module

W, =2 W, # 0 as K(Ca)-module if and only if z = y in C

The restriction e; K(Ca) — C(A, A) is an algebra iso-
morphism

ACh = A
ACa =1




Generalized

Symmetries

from Fusion
Actions

Content
Introduction

Fusion
actions

Schur-Weyl
duality

is cor-
ondence

Examples

@ A hypergroup action in the categorical setting was re-
cently introduced by Riesen (2025): if A is an extension
of rational VOA B then there is an hypergroup K acting
on A such that AX = B. This result is partially related
to our result that A4 =1

@ Although the duality result for the fusion category action
on A is similar to the duality result in orbifold theory,
the proof for orbifold theory setting does not work here
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@ Orbifold theory:
A = Bjcin(e) W ® Ay

where Ay is the multiplicity space of the irreducible G-
module Wy in A. Try to understand Ay as AS-module
(classical invariant theory)

@ Fusion action
A= 69xEIrr(C’)VV:E ®T

where W, is the multiplicity space of z in A. Try to
understand W, as K (C4)-module (Frobenius-Schur indi-
cators)
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Group action on VOA is a fusion action:
- o A:asimple VOA

Itz e G : a finite automorphism group of A such that A% is
rational and Cs-cofinite

L o A%module category C = M ¢ is a MTC and A € C is
duality a condensable algebra

Galois cor-

respondence

Fusion

actions on

e The fusion action of C4 on A is equivalent to the G-action on

Examples A
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Theorem|Ge ondence]

Let C be a pseudounitary modular tensor category, and A
a condensable algebra in C. Then the assignment B — A5,
defines a bijection between the fusion subcategories of Cx
containing CY and subalgebras of A, whose inverse is given
by assignment B +— (C%) 4. In particular, B = (CS‘B) A for any

B and
dim(C)

4m(B) = GayaB)
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@ Such a correspondence was also established by Davydov—

Miiger—Nikshych—Ostrik (2013) using the theory of the
relative center, where C = Z(C4) or A is a La-
grangian algebra in C. In their framework, the subal-
gebra B = I(1) of A is obtained via the right adjoint I
of the forgetful functor F : C — Zg(C4), where Zg(C4)
denotes the relative center of B in C4. In contrast, our
approach follows the classical fixed-point method for
correspondence results and relies crucially on Schur—
Weyl duality

This result was also given by Xu (2014) in conformal net
setting

v
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e U: simple, rational, Cy-cofinite VOA of CEFT type such
that the weight of any irreducible U-module is positive

Content

Introduction

Fusion except U itself

1\\1 e C = My : pseudounitary modular tensor category,
(Il“ e A D U (conformal): simple VOA. Then A € C is a con-
respondence densable algebra which has a decomposition

Fus-ion

o A= Gpermpp)We 83

Examples
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i @ For any z € Irr(C) with W, # 0, W, is an irreducible

K (C4)-module
Caiem @ For any z,y € Irr(C), W, = W, # 0 as K(Ca)-module if
Introduction and only if x = Yy
- @ The restriction e3 K(C4) — C(A, A) is an isomorphism

Schur-Weyl Of algebras

duality

- Q B — AB gives a one to one correspondence between the

alols cor- . . . .

respondence fusion subcategories of C4 containing C§ and subVOAs
. . o 0

Fusion of A containing U. In particular, A4 = A and A% =U

actions on

VOAs

.

Examples

If A is a simple VOA and U a rational, Cs-cofinite subVOA
of A. Then there are only finitely many sub VOAs between
U and A (C4 has only finitely many fusion subcategories)
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Fusion actions associated with coset construction

e A: a holomorphic vertex operator algebra

e U, V: rational and C5-cofinite subVOAs of A with U¢ =
Vand V¢ =U

o A=l JU'®V®as U® V-modules, where Irr(My) =
{U* |i=0,..,p}, Iir(My) = {V*|i=0,..,p} and
U'=U V=V

o My ~ My (braided equivalence)[Dong-Ng-Ren 2025]

o Let C = Mygy = My X My,. Then

Irr(Cq) = {a(U' @ V) |i=0,...,p}

e K(C4) is commutative algebra , with irreducible charac-
ters xi(a(U? @ V)) = 244

dim U*
0 ACA=UQRV
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o L : root lattice type Ay, dual lattice L° = U} (L + A;)
SR e J another lattice K such that K° = U} ;(K + ;) such
SR that the orthogonal sum K+ L is a sublattice of a positive
definite even unimodular lattice
hur-Weyl o E=Ulo(L+XN, K+ ), [E:L+K]=n+1

duality

Theorem [Dong-Ng-Ren 2025]

The module category My, is braided equivalent to My, (re-
verse category ) where V7, is the lattice VOA and My, is the
Vr-module category

Examples
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e 7 : an automorphism of Vg acting on Vi) ® Vi, by
2mir

the scalar en+I

@ o : the involution induced by the —1-isometry of . For
any subspace X of Vg, let X* denote its +1-eigenspaces

e 7,0 generate a dihedral group G of order 2(n + 1)

Vi @VE<VE=VeV)t <V, Vk < Vg

V;" ® V; is not an orbifold subVOA of Vg

C= MVL+ X MV; = MVL+®VL+ isa MTC

A = Vg € C is a holomorphic VOA and a condensable
algebra
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dim C = (8n + 4)2
dim A = dimCy = (8n + 4)
|Irr(Ca)| = 4n + 4

Irr(Ca) = Dyoni1y) U{X, Y}
G = Dyapy1) =< 7,0 | 2l =62 =1,0r0=7"1>
H=<71>

Fusion relation:

hX =X,hY =Y for he H

gX =Y, gV =X forge G\ H

X?=Y’= Yhenhy XY = deG\Hg
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Fusion VE =VL® VK7 VE = VL ® Vk.
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o dimA =dimCy = (8n + 8)
[Irr(Ca)| = 4n + 8

Irr(Ca) = Dyany2) U {X1, X2, V1, Yo}
2n+2 _
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ol=1,0t0=17"1>

G = Dyopto) =<T,0|T
o H=<r71>

Galois cor-
respondence

e Fusion relations:
Fusion 2 2 n 2
actions on AX.'z = }/; — Z'I‘:OT y -
- o _ n r
Examples X1X2 . Yl}/é - Z?":O T
TX1 = X0, 7Xo = X1, TY1 = Yo, 7Yoo =1

X111 =YX =XoYo = Yo Xo = Zf:o g
X1Yo =YX =XoV1 =1 Xo =51 7% Tlo
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not groups:

Q Fx, ={r",Xi|r=0,..,n}i=12
Introduction
_ 2 _ G
- Q@ Fy,={r"Y;|r=0,.,n}ki=1,2
RN Q FXl,Xz =HU {Xl,XQ}, H=<T1>
Schur-Weyl
duality Q Fviv,=HU {Y1,Y>}
ralois cor-
i @ Fx, v, =D'U{Xy,V1}, D' =< 72,0 >~ Dy,
. 1
. Q Fx,y, =D U {Xs, Y2},
- Q@ Fx,yv, = D?U{X,,Y2}, D> =<7%,70 >= D
X1,Ys — 1,127, =<T7,T0 >= Un42

Examples

Q@ Fx,v, = D*U{X,, 11}
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Fusion + =+
actions ° VL ® Vi + VL+)\n+1 ® VK+,un+1
Schur-Weyl
duality o VL ® V]—(’_
Galois :lw— ) V[—J— ® VK
respondence
+ + + +
Lgsitem e VL ® VK + VL+>\n+1 ® VK+Mn+1
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VOAs
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o dimA =dimCy = (8n + 8)
[Irr(Ca)| = 4n + 8
Irr(Ca) = Dy(any2) U {X1, X2, V1, Yo}
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° G = Dyapya) =<T,0 | 2 =62 =1,0r0=7"1>
o H—=—x<71>

Galois cor-

S o Fusion relations:

Fusion n

( u 17 T - X2 Y2 ZT—O 7,2’!’-|-1,

EV 1 X1X2 =hl = Z?:O o

Xam’ es
. TX1=X0,7Xo = X1,7Y1 = Yo, 7Yoo =Y

X1Y1=Y1X1=XoY, =YoXp =31 770
X1 =YX = X5V =Y Xo = Z?:o 2r+1,;
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Fx,x, = HU{X1, X2}, Fviv, = HU{Y, Y2}

Schur-Weyl
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