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Background |: lwahori's construction of Hecke algebras

o [Fy: finite field with q = p? elements; p is a prime number.
G: a connected reductive algebraic group defined over Fy.

G = G([Fq): the group of Fq-points of G.

Fix a Borel subgroup B and a maximal torus T < B of G.
W = Ng(T)/T: the Weyl group of G (associated to T).

# = G/B: complete flag variety.

G acts diagonally on # x # = | | e Ow- The G-orbits &,

are in one-to-one correspondence with w € W thanks to the
Bruhat decomposition G = | |,y BWB.

The convolution product * on the space of G-invariant
functions on & x £ is defined by

fxh(B,wB) = > f(B,xB)h(xB,WB).
xBeG/B
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Background |: lwahori's construction of Hecke algebras

e T, the characteristic function of &,, (w € W).

@ S1,...,54: the simple reflections of W.

To* Ts(B,WwB) = Y. T4(B,xB) T (xB, wB)

i

xBeG/B
=t{xBe G/B| x € Bs;B n wBs;B}
q, w=1
= q-1, w=s;
0, otherwise

e, T x T, =(q—1)Ts +q.
Moreover, braid relations for Ts, (i =1,2,...,d) hold.
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Background |: lwahori's construction of Hecke algebras

@ g: an indeterminate.

°o A:=Z[q,q].

@ H = H(W): Hecke algebra over A generated by
Hi, Hs, ..., Hy with (H,' —q_l)(H,-—i—q) =0 (i = 1,2,...,d)
and braid relations.

o H: (extended) affine Hecke algebra.

Theorem (Iwahori 64")

o H|,_o— ~ Z8FI[Z x B ~ Z|B\G(F,)/B].

° ﬁ|p:q_z ~ ZII\G(Qp)/!I]|, where I is the Iwahori subgroup of
G(Qp) over the p-adic field Qp.
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Background |l: Equivariant K-theoretic construction

@ G = G(C): complex connected reductive algebraic group.

e n c g = Lie(G): nilradical of b = Lie(B).

e N: nilpotent cone of g, i.e. the variety of all nilpotent
elements of g.

o N := T*% ~ G xBn: cotangent bundle of 2.
(Springer resolution NN ltisa deep mathematical
principle that the resolution at the singularity of N encodes
rich representation-theoretic information.)

@ Steinberg variety

Z:=T*"B xn T*%A
~{(x,gB,8'B) € N x B x B | x € (Adg)(n) n (Adg)(n)}
= |_| T: |
weW

where T;;W is the conormal bundle of &, in & x 4.
All irreducible components of Z are T (w e W).
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Background |l: Equivariant K-theoretic construction

o X: a G-variety.
@ The 0-th equaivariant K-group

KC(X) := the Grothendieck group of the category of
G-equivariant coherent sheaves on X.

e In particular, K¢(pt) = R(G) is the representation ring of G.

@ For G-varieties My, My, M3, let Z1o < M; x M, and
Z>3 < My x M3 be G-subvarieties. Under some technical
assumption, there is a convolution product

* 0 K (Z12) @k (my) K€(Zo3) = KO (Zi2 0 Zn3),
where Z15 o Z»3 is the set-theoretic composition
Zip 0 Zp3 1= {(x1,x3) € My x M3 | there exists xo € M>

such that (X1,X2) € /12, (X2,X3) S 223}.
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Background |l: Equivariant K-theoretic construction

o Let G x C\{0} act on # x g by
(s,2) - (gB,x) = (sgB,z>Ads(x)), and then act diagonally on
Z.

o R(G x C\{0}) ~ R(G)[q, g ], where g means the
tautological representation of C\{0}.

Theorem (Kazhdan-Lusztig 85, Ginzburg 87")

ﬁ ~ KGLX(C\{O}(ZL)’

where G is the Langlands dual of G and Z* is the Steinberg
variety of Gt.

Langlands reciprocity:

ZING(Qp)/1] = KE XA (Zh)| _,
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From Hecke algebras to Schur algebras

Type A:
@ complete flag variety
B={F=(0=FcFc-.cFy=F)|dimF=i}.

G/B =~  the set of Borel subgroups
el ~ gb-g?
br={xeg|x(F)cF,Vi} < F

~ A

@ n-step flag variety
F={F=(0=FRcFkc - CF=F)}~|G/P,
&t

,7n) runs over all weak composition of

where Y= (’711727 s
d into n parts, and P, := |_|W6W7 BwB c G with

Wy :={si|li#v,m+7, - m+72+...+7-1)c W.
What are the objects (instead of Hecke algebras) if 4 is replaced

by .77
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Schur algebras of type Ay_1

@ Schur-Jimbo duality (of type A):
Uy(gl,) — Sna — V&~ H,

0 S, 4 = Endy(V®9) = Endp(®,x,H): the Schur algebra of
type Ag_1, where x, = Zwew,y(_l)e(w) H, € H is the
g-symmetrizer respect to 7.

° gn,d = Endy (@,YX,YITI): affine Schur algebra (of type A).
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Beilinson-Lusztig-MacPherson realization

Theorem (Beilinson-Lusztig-MacPherson 90")

Sndlqg-2 =~ ZSEI[F x F| ~ Z[| | P,\G(Fq)/P,].
’y,V

Beilinson-Lusztig-MacPherson realization of Ug4(gl,,): establish a
stabilization property from some multiplication formulas of S, 4, by
which one can construct an inverse limit algebra in which Uq(gl,)

embeds:

Sn,d
stabilization J
lim Sn,d — Uq(g[n)

«—

d
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Equivariant K-theoretic construction

@ Recall the n-step flag variety .# ~ |_| G/P, where «y runs over

all composition of d into n parts. Denote = G/P,.
o N = |—|7N7 with /\/'7 =T*%, ~ G x Py n., Where n, is the
nilradical of Lie(Py).
@ Generalized Steinberg variety
Zs ::./\/N’f x/\/./\N/} = |_|./\~/:y XN/\N/',,
v,V
= {((8Py, X), (8'Pu, X)) € Ny x N, | 7, v € A}
~ {(x, gPV,gP )y EN x Ff x F |
v,v € N, x € (Adg)(ny) n (Adg’)(n,)}.
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Theorem (Lusztig 99')

There is a surjective homomorphism Uq(g~[n) — gn,d, with

Sndlp—qg-2 = Z[| | L\G(Qp)/L.], where I, := |_|WeWW Iwl is the
YoV

parahoric subgroup of G(Q,) associated with .

Theorem (Ginzburg-Vasserot 93")
There is a homomorphism Uq(gNI,,) — KOO} (Z).

Question:
° KGXC\{O}(Zf) ~ §,,7d? i.e. Langlands reciprocity?
Yes, known to experts. (a folklore result with a folklore proof).
@ What is the story other than type A?

Note that Ug(so) and Ug(sp) do NOT admit a Schur-type
duality with Hecke algebras.

Li Luo Geometric constructions of quantum Schur algebras



Theorem (Bao-Wang 18’, iSchur duality)

U* —~ VO~ Hp,, where U" is the coideal subalgebra of Ug4(gly)

whose classical limit is gljp /o @ gljn 2|, V is the natural module of
Uq(aln).-

e (Uy(gly),U") forms a quantum symmetric pair of type Alll in

the sense of Lezter 99'. U* is named an iquantum group of
type Alll.

o S':= EndHBd(V®d), Schur algebra of type B/C.
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@ G = SOp or Spp, whose natural representation space IFg’
carries a nondegenerate bilinear form preserved by G.

o F':={F=(0=FRcFhc--cFy=F)|F=Fy}
the N-step isotropic flag variety.

Theorem (Bao-Kujawa-Li-Wang 18')

0 S'qog2 = ZSEI[F x 7).

o A Beilinson-Lusztig-MacPherson-type realization of U*.

For example, if we take G = SOy4.1 and N = 2n + 1, then

7' ~| |6/P,,
v

where v = (70,71, ... ,7n) runs over all weak compositions of d
into n+ 1 p?rts, and Py = | |,ew, BWB with

Wy ={si|li#v%:%+7,---»7%+71+ ... +7—1) € W. Here
the Weyl group W is generated by sp,s1,...,54_1-
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o U iquantum group of affine type Alll. It is a coideal
subalgebra of Ug(gl,).

0 S = Endy (\7®d): affine Schur algebra of type C, where V
d

is the natural (inf. dim.) module of Uq(g~[n).

~

o F':=|1 G(Qp)/ly, where I := |,y Iwl is the parahoric
subgroup of G(Qp) associated with ~.
Here is a type C counterpart of Lusztig's theorem for type A.

Theorem (Fan-Lai-Li-L-Wang 20")

° §Z|p=q72 ~ ZG(QP)[L% X %]

o A Beilinson-Lusztig-MacPherson-type realization of U* via a
stabilization property of S*.
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o 7, =G/P,.
o N = |_|AY/\N/7 with /\N/'7 = T*F, ~ G xPrn,.
@ Generalized Steinberg variety

Zs ::/\fo XNJ\N/} = |_|/\N/V xN/\N/V.

’Y7V

Here is a type C counterpart of Ginzburg-Vasserot's theorem for
type A.

Theorem (Su-Wang 24', L-Xu-Su preprint)

There is a homomorphism U* — K &*C\{0} (7).

At the Schur algebra level, the above discussion (for affine types A
and C) already suggests a framework suitable for all general types.
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General type

G: reductive algebraic group, with Weyl group W.
Hecke algebra H and extended affine Hecke H of G.
Borel subgroup B < G.

Af: the set of W-orbits on Xt.
For any W-orbit v € A, let J, = {k|1 < k < d,iysc = iy},
where i, is the unique anti-dominant element in ~.
o W, =(sxlke JyycW,; P, = |_|WGWW BwB.
o T¢ = ®yenxyH, where x, = ZWeWW g “WH, eH.
@ Schur algebra Sf := Endy(Ty).
@ Affine Schur algebra gf = Endﬁ(-T-f) where -T-f = @76/\fx7ﬁ.
Example (type Ag_1):
Take X; = {Zf/:l aiej|laj € Z,1 < a; < n}.
In this case, T¢ ~ V® and S¢ =S, 4.
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Realization of S¢ and §f

Theorem (L-Wang 22')

Stlq=g-2 ~ Z[ | | P\G(Fq)/P.].

~v,VENs

Theorem (Cui-L-Wang 24")

§f|p:q*2 = Z[ |_| I’Y\G(QP)/IV]

v, VENs

o Ft =[] ep Fy with 7 = G/P,.

@ n,: the nilradical of Lie(Py).

o Ni =[] ep Ny with Ny :=T*7, = G xPrn..
o Z; = N xw Ni = L pen Ao xar A

Theorem (L-Xu-Yang 24")

v, VENS

Sp > KE XA (Zh),

i = =

=
Li Luo Geometric constructions of quantum Schur algebras



Locally geometric Langlands reciprocity for affine Schur
algebras

Corollary (L-Xu-Yang 24")

KE OO (Zh)| 2 = Z[ | | BAG(Qp)/M.

v, VENs

@ Particularly, we provided a correct proof of the folklore result
for affine type A (instead of the unlegal folklore proof which
uses a wrong statement xyHx, ~ K& XCMO(AT x v A,)).

@ Specialize Xt a single regular W-orbit: the Langlands
reciprocity for affine Hecke algebras.

@ Specialize X¢ = {y = 0}: the Satake isomorphism.
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Unequal parameters from twisted groups

The story does not end here. We also expect unequal-parameter
variants for types B, C, F and G.
Why do we study the unequal-parameter variants?
@ It is not at all obvious from a geometric construction
perspective, though a purely algebraic approach was provided
by Lai-L 21" for finite type C and by L-Yu 25’ for affine type C.

@ Finite type C with two parameters provides a uniform
framework for the one-parameter finite types B, C and D,
while affine type C with three parameters provides a uniform
framework for the one-parameter affine types B, C and D.
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e G = G(K) with K = Fy.

@ Fq: G — G: the Frobenius map relative to Fg.
(For a linear group G, Fq((aj)) = (aj))-

o Take a Fq-stable Borel subgroup B and an Fg-stable maximal
torus T < B.

@ 7: a nontrivial graph automorphism of the Dynkin diagram,
which induce an endomorphism of G (still denoted by 7).

@ Steinberg endomorphism F = Ffgo7: G — G.
B and T are both F-stable.

o the fixed-point subgroup GF of G, called a twisted finite
group of Lie type. Similarly, BF and TF.

Li Luo Geometric constructions of quantum Schur algebras



1 2 d
o 5
cj cj q
2d  2d -1 d+1
Figure 1. Type Aoy
1 2 d—1
c c «
o o
2d -1 2d-2 d+1

Figure 2: Type Asg_1

Example: G = GLp(K) and GF = GUp(F ).
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d

3 4

1 2 d—1 1 2
d+1 5 6

Figure 3: Type Dy11 Figure 4: Type Eg

Figure 5: Type Dy
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@ Since T is F-stable, we can define an F-action on
W = Ng(T)/T by F(gT) = F(g)T. Itis known
WF = (Ng(T)/T)F =~ Ngr(T)/TF.

@ Each 7-orbit on the set of simple roots determines a parabolic
subgroup of W, which has a unique longest element. Let

ti,t, ..., tqy be all these longest elements.
o WF is just the Weyl group associated with the folding Dynkin
diagram, whose simple reflections are t, to, ..., t4.
W wF t1, to,..., tg
Aad | By | 5154, 5252d 1, - -5 Sd—15d+2; SdSd+15d
Axd-1 | Bg S152d1,5252d 25+ Sd—15d+1, Sd
Dgy1 | Ba S1,52y--+55d—1,SdSd+1
Es Fa4 S1, 2, 5355, 5456
Dy Go S1, 525354
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@ Bruhat decomposition reads

GF = |_| BF wBF.

weWF

‘BFWBF‘ — qZ(W) ‘BF"

where £(w) is the length function of W (NOT of WF).

o Ty * Ty = (q%) — 1) T, + q“(*) and the braid relations still
hold. This realizes the unequal-parameter Hecke algebra H.

S: Schur algebra with unequal parameters.

Similar notation W, PF for a WF-orbit ~y in the sublattice
of F-invariant weights.

Theorem (L-Song-Yang)

® Slq_q-2 ~ Z[ |, PP\GF/PE].

o If WF is of type B/C, we further provide a
Beilinson-Lusztig-MacPherson-type realization of the
iquantum group U" of type Alll with unequal parameters.

T =T v = =
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Equivariant K-theoretic construction with multi-parameter

The above geometric setting for twisted groups can NOT provide
an equivariant K-theoretic construction for multi-parameter Schur
algebras and iquantum groups. We have to employ an exotic
setting introduced by Kato 09’ as follows.
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Affine type C with three parameters

o G = Spyy(C) with the standard module V = C?“.

@ [1: the root system with simple roots
] = €1 — €,02 =€ —€3,...,0d 1 = €4 1 — €q, Qg = 2€4.
o V=VDS23p A2V: the exotic representation of G.

@ The set of non-zero weights of V is
R = {%eiti<i<a Y {6 L €}1<ij<as

which corresponds one-to-one to the root system [1 by a
W-equivariant map

V:Ml—R via tete—>dete; £26— te;.
° V' = @ eun+) V[a], which is a B-module.

o N := G xBV* (replace n by V* in T*% ~ G xBn).
o Z:=N Xy N, the exotic Steinberg variety.
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Affine type C with three parameters

o Let G x (C\{0})3 acts on V by
(820,21, 22) - (vo, vi, v2) = (2 '8v0, 71 ‘gv1, 7, 'gwa),
where vp,v1 € V and v € A2V,
° R(G x (C\{0})%) =~ R(G)[gg ™", a1 a5 ],
where g; (i = 0,1,2) mean the tautological representation of
(i + 1)-th factor of (C\{0})3.

Theorem (Kato 09')

The affine type C Hecke algebra with three parameters:

H ~ KEX(CO0 (7).
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Affine type C with three parameters

@ For a weak composition A = (A1,..., Aq11) of d, set
Vi= @ Vil
aeV(MH)\W(MY)

which is a Py-module. Here [T is the root system with simple
roots {a,- | (DN TN D U ST +An}.

o N = |_|)\/\~/>\ with Ny := G xP v
(replace ny by Vi in T*%) ~ G xn)).

@ The generalized exotic Steinberg variety Zf := ,/\7} Xy j\fo

Theorem (L-Xu-Yang)

U — S = KOO (7).

Li Luo Geometric constructions of quantum Schur algebras



Affine type BCFG with two parameters

® G: a simple algebraic group of non simply-laced type (i.e.,
type BCFG) defined over k = k with special char k.

@ Special char k means it equals the ratio’s square of the
lengths of the long and short roots of G, i.e.

o char k =2 when G is of type B,C or Fy;
e char k = 3 when G is of type G;.

Lemma (Hogeweij 82', Hiss 84")

If char k is special, then there is a G-submodule gs — g whose
non-zero wights are the short roots of G.

e Exotic representation: V = g @ g/gs, whose non-zero weights
are the roots of G.

Li Luo Geometric constructions of quantum Schur algebras



Affine type BCFG with two parameters

Using the exotic representation V of G, one can introduce the
exotic Steinberg varieties Z and Z; for affine type BCFG with two
parameters.

Theorem (Antor 25')

The affine type BCFG Hecke algebra with two parameters:

H ~ KEx®\M0D? (7).

Theorem (L-Xu-Yang)
The affine type BCFG Schur algebra with two parameters:

Sf ~ KEX 0D (7).
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Thank you for your attention!

i nstructions of quantum Schur algebras



