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Monoidal Triangulated Categories

Setting
Hopf algebras and Finite Tensor Categories

Setting

Monoidal Triangulated Category MAC (K, ®, 1):
Q A triangulated category K, k-linear over a field k = k, any chark,
Q ®: K x K — K, biexact and associative,
© identity object 1.
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Setting
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Setting

Monoidal Triangulated Category MAC (K, ®, 1):
Q A triangulated category K, k-linear over a field k = k, any chark,
Q ®: K x K — K, biexact and associative,
© identity object 1.

Initially, interest in Symmetric MACs came from Stable Homotopy

Theory and Algebraic Geometry.
E.g. X= a scheme ~~ the symmetric MAC

(Dl)el'f(X)7 ®éx)
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Monoidal Triangulated Categories

Setting
Hopf algebras and Finite Tensor Categories

Hopf algebras and Finite Tensor Categories

H= a fin dim Hopf algebra over k:
mod(H) = fin dim H-modules.
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Setting
Hopf algebras and Finite Tensor Categories

Hopf algebras and Finite Tensor Categories

H= a fin dim Hopf algebra over k:
mod(H) = fin dim H-modules.

A Frobenius category (enough projectives and projectives = injectives)
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Monoidal Triangulated Categories

Setting
Hopf algebras and Finite Tensor Categories

Hopf algebras and Finite Tensor Categories

H= a fin dim Hopf algebra over k:
mod(H) = fin dim H-modules.

A Frobenius category (enough projectives and projectives = injectives)
~ Happel's stable category with induced tensor product:

(mod(H), ®).
If f € Hom(A, B) factors through a projective, then f = 0 in mod(H)
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Monoidal Triangulated Categories

Setting
Hopf algebras and Finite Tensor Categories

Hopf algebras and Finite Tensor Categories

H= a fin dim Hopf algebra over k:
mod(H) = fin dim H-modules.

A Frobenius category (enough projectives and projectives = injectives)
~ Happel's stable category with induced tensor product:

(mod(H), ®).
If f € Hom(A, B) factors through a projective, then f = 0 in mod(H)
[Etingof-Ostrik] A finite tensor category is an abelian k-linear monoidal
category (T, ®, 1) such that
o finitely many simples, every object has finite length and
dimg Homt (A, B) < oo;
@ there are enough projectives;

o T is rigid, i.e., A* and *A exist with evaluation/coeval maps;
e Endr(1) k.
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Monoidal Triangulated Categories

Setting
Hopf algebras and Finite Tensor Categories

Hopf algebras and Finite Tensor Categories

H= a fin dim Hopf algebra over k:
mod(H) = fin dim H-modules.

A Frobenius category (enough projectives and projectives = injectives)
~ Happel's stable category with induced tensor product:

(mod(H), ®).
If f € Hom(A, B) factors through a projective, then f = 0 in mod(H)

[Etingof-Ostrik] A finite tensor category is an abelian k-linear monoidal
category (T, ®, 1) such that
o finitely many simples, every object has finite length and
dimg Homt (A, B) < oo;
@ there are enough projectives;
o T is rigid, i.e., A* and *A exist with evaluation/coeval maps;
e Endr(1) k.

Consequences: T is Frobenius ~~ the stable category (T, ®) an MAC.

—Y
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! Thick ideals
Thick Ideals and Balmer Spectra N .
Commutative tensor triangular geometry

Commutative tensor triangular geometry

Classification of thick ideals

Thick ideals

Problem
Classify all thick ® ideals of an MAC, K.

[Thick subcategories = (full) triangulated subcategories, closed under
direct summands and ® with K objects]
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! Thick ideals
Thick Ideals and Balmer Spectra N .

Commutative tensor triangular geometry
Commutative tensor triangular geometry

Classification of thick ideals

Thick ideals

Problem
Classify all thick ® ideals of an MAC, K.

[Thick subcategories = (full) triangulated subcategories, closed under
direct summands and ® with K objects]

Approach of Balmer for symmetric MACs. Define a prime @ ideal P of
K to be a proper thick ® ideal such that

ARBeP = AcP or BeP.

The Balmer spectrum [2005] Spc K consists of prime ® ideals with the
topology generated by

V(A):={PcK|A¢P} for AcP.
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Thick ideals
Commutative tensor triangular geometry
Commutative tensor triangular geometry

Thick Ideals and Balmer Spectra

Classification of thick ideals

Commutative tensor triangular geometry

Theorem [Balmer 2005]
For a symmetric MAC, K there is an order preserving bijection between
@ radical thick ® ideals of K and

@ the collection of Thomason subsets of Spc K (unions of closed
subsets whose complements are quasi-compact).
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Thick ideals
Commutative tensor triangular geometry
Commutative tensor triangular geometry

Thick Ideals and Balmer Spectra

Classification of thick ideals

Noncommutative Balmer spectrum

Definition. [Buan—Krause-Solberg 2007] A prime ® ideal of an
(arbitrary) MAC, K is a proper thick ® ideal P such that

IRJCP =1CP o JCP
for all thick ® ideals | and J. Equivalent to

AoM®BeP,YMcK = AcP or BeP.
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Thick ideals

Commutative tensor triangular geometry
Commutative tensor triangular geometry
Classification of thick ideals

Thick Ideals and Balmer Spectra

Noncommutative Balmer spectrum

Definition. [Buan—Krause-Solberg 2007] A prime ® ideal of an
(arbitrary) MAC, K is a proper thick ® ideal P such that

IRJCP =1CP o JCP
for all thick ® ideals | and J. Equivalent to
AM@BeP, VMeK = AcP or BeP.

The noncommutative Balmer spectrum Spc K = the collection of prime
ideals with topology generated by

V(A):={PcSpcK:A¢P}, AcK.
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Thick ideals

Commutative tensor triangular geometry
Commutative tensor triangular geometry
Classification of thick ideals

Thick Ideals and Balmer Spectra

Classification of thick ideals

Theorem [Nakano—Vashaw-Y 2023]

Assume that K is a rigid MAC generated by a single object as a thick
subcategory. Then there is a bijection between

© the thick ® ideals of K and
@ the collection of Thomason subsets of Spc K.

The rigidity assumption is not needed: one can use the noncommutative
version of radical ideals (semi-prime ideals).
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Thick ideals

Commutative tensor triangular geometry
Commutative tensor triangular geometry
Classification of thick ideals

Thick Ideals and Balmer Spectra

Classification of thick ideals

Theorem [Nakano—Vashaw-Y 2023]

Assume that K is a rigid MAC generated by a single object as a thick
subcategory. Then there is a bijection between

© the thick ® ideals of K and
@ the collection of Thomason subsets of Spc K.

The rigidity assumption is not needed: one can use the noncommutative
version of radical ideals (semi-prime ideals).
The Blamer support

V:K— Xy(SpcK), V(A):={P eSpcK:A¢P}
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. Thick ideals
Thick Ideals and Balmer Spectra . .

Commutative tensor triangular geometry
Commutative tensor triangular geometry

Classification of thick ideals

Classification of thick ideals

Theorem [Nakano—Vashaw-Y 2023]

Assume that K is a rigid MAC generated by a single object as a thick
subcategory. Then there is a bijection between

© the thick ® ideals of K and

@ the collection of Thomason subsets of Spc K.

The rigidity assumption is not needed: one can use the noncommutative
version of radical ideals (semi-prime ideals).
The Blamer support

V:K— Xy(SpcK), V(A):={P eSpcK:A¢P}
satisfies the noncommutative tensor product property
U viMe XeN)=V(M)nV(N), YM,NecK
XeK

and is universal terminal object for such support maps.



The Cohomological Support
The Comparison Problem
The Categorical Center of the Cohomology Ring -Il?—rlcnt?(;:fgtzntc)illfrcEtl::tzrfsthc (it (Wi
The Dri center
The Graded Center

The cohomological support

Quillen (1971), Alperin-Evens (1981), Avrunin-Scott (1982), Carlson
(1983), Benson-Carlson-Rickard (1996), ...
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The Cohomological Support

The Comparison Problem

The Categorical Center of the Cohomology Ring f'c:lj::tz'f;hc (it (Wi
nter

The Graded Center

The cohomological support

Quillen (1971), Alperin-Evens (1981), Avrunin-Scott (1982), Carlson
(1983), Benson-Carlson-Rickard (1996), ...
The cohomology ring of an MAC K is the graded commutative ring

Re = @D Homk(1,1)
k>0

with product

f-g=(Yflg=fog for fcHomk(A I¥B), g c Homk(A Z/B).
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The Cohomological Support
The Comparison Problem
rical Center of the Cohomology Ring
Other Centers
enter
The Graded Center

The Categorical Center of the Cohomology Ring

The cohomological support

Quillen (1971), Alperin-Evens (1981), Avrunin-Scott (1982), Carlson
(1983), Benson-Carlson-Rickard (1996), ...
The cohomology ring of an MAC K is the graded commutative ring

Re = @D Homk(1,1)
k>0
with product
f-g=(Yflg=fog for fcHomk(A I¥B), g c Homk(A Z/B).

Then
Homg (A, B) := €D Homk (A, *B)
k>0

is an Rg-bimodule because ¥¥1 ® A= ¥kA. The cohomological support
W : K — Xy(ProjRg) is W(A) := {p € Proj Rg : Ann(Endg(A)) C p}.
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The Cohomological Support

The Comparison Problem

The Categorical Center of the Cohomology Ring -Il?—rlcnt?(;:fgtzntc)illfrcEtl::tzrfsthc Cobome e VRing
The Dri center

The Graded Center

The comparison problem

Problem

Describe the relationship between Spc K and Proj Rg and the two
support maps (Balmer and cohomological).
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The Cohomological Support
The Comparison Problem
al Center of the Cohomology Ring
o Other Centers
nfeld center
aded Center

The Categorical Center of the Cohomology Ring

The comparison problem

Problem

Describe the relationship between Spc K and Proj Rg and the two
support maps (Balmer and cohomological).

Theorem [Benson-Carlson-Rickard, Friedlander-Pevtsoval

For every finite group scheme G,

Spc(mod(kG)) = Proj R@(kc)

and the Balmer and cohomological supports coincide under this
identification.

Based on the tensor product property for the cohomological support, in
turn based on rank support [Carlson]|, 7-support [Friedlander-Pevtsoval.
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The Cohomological Support

The Comparison Problem

The Categorical Center of the Cohomology Ring
Relations to Other Centers

The Categorical Center of the Cohomology Ring

The Drinfeld center
The Graded Center

The categorical center of the cohomology ring

When T is not braided, there are known cases where the Balmer and
cohomological support are not homeomorphic
[Benson-Witherspoon 2014, Plavnik-Witherspoon].
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The Cohomological Support

The Comparison Problem

The Categorical Center of the Cohomology Ring
Relati to Other Centers

The Drinfeld center

The Graded Center

The categorical center of the cohomology ring

The Categorical Center of the Cohomology Ring

When T is not braided, there are known cases where the Balmer and
cohomological support are not homeomorphic
[Benson-Witherspoon 2014, Plavnik-Witherspoon].

Definition [Nakano-Vashaw-Y 2021]

The categorical center Cg of the cohomology ring Rg of K is the
subalgebra spanned by all g € Homk(1,X"1) such that the diagram

1M —= M M1

J(g@idlw J(idM ®g

TMOM —— I"M «—— M®3"1

commutes for a collection of objects M that generates K.
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The Cohomological Support

The Comparison Problem

The Categorical Center of the Cohomology Ring
Relations to Other Centers

Tk ri d center

The Graded Center

The Categorical Center of the Cohomology Ring

Relations to other Centers

If T is braided, then
Cg = Rz
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al Support
n Problem
The Categorical Center of the Cohomology Ring Relatio [ Gt 67 i (ealimivailgy (N
The Dr
The Gr.

Relations to other Centers

If T is braided, then
Cg = Rz

In general, the categorical center is related to the following two previously
considered centers:

L] [ L R’E L]
2(m) 4 Rt 24(T)

@ The Drinfeld center (area of monoidal categories),

@ The graded center (area of triangulated categories).
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The Cohomological Support

The Comparison Problem

The Categorical Center of the Cohomology Ring
Relations to Other Centers

The Drinfeld center

The Graded Center

The Categorical Center of the Cohomology Ring

The Drinfeld center

For a finite tensor category T, one forms its Drinfeld center Z(T), which
is a braided FTC.

@ Objects: pairs (A,7), A€ T and a natural isomorphism

IXRASARX, XeT

called a half-braiding, satisfying usual braiding type axioms.

@ Morphisms: Homgz(t)(A, B) C Homt(A, B) commuting with
half-braiding.
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The Cohomological Support
son Problem
The Categorical Center of the Cohomology Ring o g:lhf'cgtl::tzf;hc (it (Wi
The Drinfeld center
The Graded Center

The Drinfeld center

For a finite tensor category T, one forms its Drinfeld center Z(T), which
is a braided FTC.

@ Objects: pairs (A,7), A€ T and a natural isomorphism

IXRASARX, XeT

called a half-braiding, satisfying usual braiding type axioms.

@ Morphisms: Homgz(t)(A, B) C Homt(A, B) commuting with
half-braiding.

MACs: The forgetful functor Z(T) — T descends to Z(T) — T, giving
rise to the homomorphism of cohomology rings

Rzery — Rt imagein (g
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The Cohomological Support
The Comparison Problem

The Categorical Center of the Cohomology Ring
Relations to Other Centers

The Drinfeld center

The Graded Center

The Categorical Center of the Cohomology Ring

The Graded Center

The graded center Z°(K) of K is a graded commutative algebra with
degree n component consisting of natural transformations

n:id¢ = X" such that nX = (-1)"Xn.

Two injective homomorphisms £, R : Rg — Z°*(K), which send
g € Homg(1,X"1) to

M—=51oMEM srigM =5 "M and

M- Mol "% yoynn —= , youm,

respectively. The categorical center of the cohomology ring Rg is the
equalizer

Ce ={g € Rg|L(g) =R(g) on a set of generators M € K}.
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A Cohomological Comparison Map

. N A
Noncommutative TTG and the Categorical Center conjecture

A Cohomological Comparison Map

Conjecture [Etingof-Ostrik]. Every Finite Tensor Category T satisfies the
finite generation conditions:

@ its cohomology ring Ry is a finitely generated algebra and

Q for all M € T, End}(M) is a finitely generated RE-module.
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A Cohomological Comparison Map
A conjecture

Noncommutative TTG and the Categorical Center

A Cohomological Comparison Map

Conjecture [Etingof-Ostrik]. Every Finite Tensor Category T satisfies the
finite generation conditions:

@ its cohomology ring Ry is a finitely generated algebra and

Q for all M € T, End}(M) is a finitely generated RE-module.

Theorem [Nakano-Vashaw-Y 2021]

© There is a well-defined, continuous map

p:SpcK — Spech Cx

given by p(P) = (g homogeneous in Cg : cone(g) & P).

v
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A Cohomological Comparison Map
A conjecture

Noncommutative TTG and the Categorical Center

A Cohomological Comparison Map

Conjecture [Etingof-Ostrik]. Every Finite Tensor Category T satisfies the
finite generation conditions:

@ its cohomology ring Ry is a finitely generated algebra and

Q for all M € T, End}(M) is a finitely generated RE-module.

Theorem [Nakano-Vashaw-Y 2021]

© There is a well-defined, continuous map

p:SpcK — Spech Cx

given by p(P) = (g homogeneous in Cg : cone(g) & P).
@ If K satisfies weak finite generation (for all M € K, Endg (M) is a
finitely generated Cg-module), then p is surjective to Proj.

v
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A Cohomological Comparison Map
Noncommutative TTG and the Categorical Center B Gafzsige

A Cohomological Comparison Map

Conjecture [Etingof-Ostrik]. Every Finite Tensor Category T satisfies the
finite generation conditions:

@ its cohomology ring Ry is a finitely generated algebra and
O for all M € T, End3(M) is a finitely generated Ry-module.

Theorem [Nakano-Vashaw-Y 2021]

© There is a well-defined, continuous map

p:SpcK — Spech Cx

given by p(P) = (g homogeneous in Cg : cone(g) & P).

@ If K satisfies weak finite generation (for all M € K, Endg (M) is a
finitely generated Cg-module), then p is surjective to Proj.

© If, in addition, Proj Cg is a Noetherian topological space, and the

central cohomological support satisfies the noncommutative tensor
product property then p is a homeomorphism.

v
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A Cohomological Comparison Map
A conjecture

Noncommutative TTG and the Categorical Center

A conjecture

Example. The last part of the theorem applies to all Benson-Witherspoon
examples.

Conjecture [Nakano-Vashaw-Y 2021]

For every Finite Tensor Category T, the map

p:SpcT — Proj (3

is a homeomorphism.
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The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Nerves of Steel Conjecture

The Noncommutative Homological Spectrum

The Freyd Envelope and the Yoneda Embedding

Mod-K:= the big module category or functor category of K
= the (abelian) category of contravariant additive functors K — Ab.
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The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Nerves of Steel Conjecture

The Noncommutative Homological Spectrum

The Freyd Envelope and the Yoneda Embedding

Mod-K:= the big module category or functor category of K
= the (abelian) category of contravariant additive functors K — Ab.

We have the Yoneda embedding

h: K< Mod-K given by h(A):=Homk(—,A), VA€ K.
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The Freyd Envelope and the Yoneda Embedding

Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Noncommutative Homological Spectrum UL A T

The Freyd Envelope and the Yoneda Embedding

Mod-K:= the big module category or functor category of K
= the (abelian) category of contravariant additive functors K — Ab.

We have the Yoneda embedding
h: K< Mod-K given by h(A):=Homk(—,A), VA€ K.

The Freyd envelope of K is the full subcategory of finitely presented

objects
mod-K := (Mod-K)™ .

The Yoneda embedding lands in the Freyd envelope: h: K — mod-K.
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The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Nerves of Steel Conjecture

The Noncommutative Homological Spectrum

The Freyd Envelope and the Yoneda Embedding

Mod-K:= the big module category or functor category of K
= the (abelian) category of contravariant additive functors K — Ab.

We have the Yoneda embedding
h: K< Mod-K given by h(A):=Homk(—,A), VA€ K.

The Freyd envelope of K is the full subcategory of finitely presented
objects
mod-K := (Mod-K)™ .

The Yoneda embedding lands in the Freyd envelope: h: K — mod-K.
The Day convolution product (right exact)

(Mod-K,®) <« (mod-K,®), MACs
and the Yoneda embedding h : (K, ®) — (mod-K, ®) is monoidal.



The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Noncommutative Homological Spectrum UL A T

Homological primes and the homological spectrum

The inverse images under the Yoneda embedding h : K — mod-K define
a continuous map

(Z: (Serre prime spectrum of mod-K) —
Spc K (Balmer spectrum of K),

&(S) == h™(S).
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The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Nerves of Steel Conjecture

The Noncommutative Homological Spectrum

Homological primes and the homological spectrum

The inverse images under the Yoneda embedding h : K — mod-K define
a continuous map

¢ : (Serre prime spectrum of mod-K) —
Spc K (Balmer spectrum of K),

3(S) = hI(S).
Definition [Nakano—Vashaw-Y 2025]

© The homological primes of an MAC, K are the maximal elements
(with respect to inclusion) in each fiber of ¢.

@ The homological spectrum Spch(K) of K is the collection of
homological primes with the topology generated by

Vh(A) ;= {S € Spc"(K) : h(A) ¢S}, VYAeK.

Symmetric K: [Balmer 2017] used maximal Serre ideals of mod-K:
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The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Noncommutative Homological Spectrum UL A T

The homological comparison map

The homological support map is defined by
VP SpcK — Xy(Spc’(K)), A VI(A).
It has the noncommutative tensor product property

U V(M@ X @ N)=V(M)n VA(N), YM,NecK.
XeK
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The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Noncommutative Homological Spectrum UL A T

The homological comparison map

The homological support map is defined by
VP SpcK — Xy(Spc’(K)), A VI(A).
It has the noncommutative tensor product property

U V(M@ X @ N)=V(M)n VA(N), YM,NecK.
XeK

Theorem. [Nakano—Vashaw-Y 2025]

The restricted map (from ¢)
o : Spc"K — SpcK

is a surjective continuous map.

Milen Yakimov Homological Spectra of MACs




The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Noncommutative Homological Spectrum Ehelienesiofsiecliconictng

The Nerves of Steel Conjecture

Nerves of Steel Conjecture 2017, 2025

For every monoidal triangulated category K, the homological support
map ¢ is a homeomorphism from the homological spectrum of K to the
Blamer spectrum of K.
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The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Noncommutative Homological Spectrum Ehelienesiofsiecliconictng

The Nerves of Steel Conjecture

Nerves of Steel Conjecture 2017, 2025

For every monoidal triangulated category K, the homological support
map ¢ is a homeomorphism from the homological spectrum of K to the
Blamer spectrum of K.

Disproved on the symmetric level by Logan Hyslop, but the example is
not a category that comes up naturally in represent. theory or alg. geom
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The Freyd Envelope and the Yoneda Embedding

Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Noncommutative Homological Spectrum Ehelienesiofsiecliconictng

The Nerves of Steel Conjecture
Nerves of Steel Conjecture 2017, 2025

For every monoidal triangulated category K, the homological support
map ¢ is a homeomorphism from the homological spectrum of K to the
Blamer spectrum of K.

Disproved on the symmetric level by Logan Hyslop, but the example is
not a category that comes up naturally in represent. theory or alg. geom

Theorem [Nakano—Vashaw-Y 2025]

If the nerves of steel conjecture holds for a monoidal triangulated
category K, SpcK is Noetherian, and G is a (not necessarily finite) group
acting on K by monoidal triangulated autoequivalences, then the nerves
of steel conjecture holds for the crossed product category K x G.

Proof uses results of Hongdi Huang and Kent Vashaw.
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The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Nerves of Steel Conjecture

The Noncommutative Homological Spectrum

The Nerves of Steel Conjecture
Nerves of Steel Conjecture 2017, 2025

For every monoidal triangulated category K, the homological support
map ¢ is a homeomorphism from the homological spectrum of K to the
Blamer spectrum of K.

Disproved on the symmetric level by Logan Hyslop, but the example is
not a category that comes up naturally in represent. theory or alg. geom

Theorem [Nakano—Vashaw-Y 2025]

If the nerves of steel conjecture holds for a monoidal triangulated
category K, SpcK is Noetherian, and G is a (not necessarily finite) group
acting on K by monoidal triangulated autoequivalences, then the nerves
of steel conjecture holds for the crossed product category K x G.

Proof uses results of Hongdi Huang and Kent Vashaw.

Corollary. Nerves of steel conjecture holds for the Benson-Witherspoon
Hopf algebras (k[L]#kG)*, where L and G and groups and L is finite.
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The Freyd Envelope and the Yoneda Embedding
Homological Primes and the Homological Spectrum
The Homological Comparison Map

The Nerves of Steel Conjecture

The Noncommutative Homological Spectrum

Presented results in:

© Noncommutative tensor triangular geometry, Amer. J. Math. 144
(2022), no. 6, 1681-1724.

@ On the spectrum and support theory of a finite tensor category,
Math. Ann. 390 (2024), 205-254.

© A Chinese remainder theorem and Carlson’s theorem for monoidal
triangulated categories, arXiv:2311.17883.

@ The homological spectrum for monoidal triangulated categories,
arXiv:2506.19946.
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