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What is this talk about?

e Representation theory of algebras studies homomorphisms

A — End(V).

o Representation theory of bicategories: actions on categories, i.e.

C — End(M).

e These are called 2-representations.

This talk is about 2-representations coming from affine Hecke algebras. |

Towards Triangulated Birepresentations 2/26



The story in one picture

affine Hecke algebras —— Soergel categories
representations —> 2-representations

evaluation, induction — categorified evaluation, induction

We start from affine Hecke algebras and their representations.
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Why this problem?

o Finite-dimensional reps of affine Hecke algebras are rich and
subtle.

o Two fundamental tools to study them:
o evaluation representations,
o parabolic (Zelevinsky) induction.

o Affine-type categorification leads to non-finitary settings:
o infinitely many indecomposable 1-morphisms,
o no finitary Hom-categories,

o passing to homotopy / triangulated categories becomes unavoidable
when looking at 2-representations. This is a new phenomenon.
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Extended affine Hecke algebra

Extended affine Hecke algebra Ho*':

o Generators T; and rotation p*!.

o Relations pTjp~! = Tipq,
(Ti+a)(Ti—g =0 ..

o H, C //-I\,?Xt f.d. subalgebra generated -
by Tl, ceey Tn—l- l(1<i<n)
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Two constructions of representations
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Classical evaluation maps

o For a € C(q)*: ev,: H™ — H,
- \
Ti— T (i #0) N

Defined b — a h = a
° y{p'_)aTn—l"'Tl ~N \\

/

1 n

o Pullback produces evaluation representations.

1 n 1 = n

o Key ingredient in finite-dimensional affine type A theory.
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Two constructions of representations
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Classical parabolic induction (maximal parabolic)

o Decomposition n = k + (n — k) gives a maximal parabolic
Sk X Sp—k C Sp.
o Induction via algebra embeddings: H' @ HE, —s Hoxt,

o Zelevinsky tensor product: My ©® My := Ind(M; ® M,).
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Soergel categories S

o Soergel categories categorify Hecke
algebras :

o They are K-linear, additive, and monoidal T
(one-object bicategories).

o Ko(S(W)) = H(W) (W Coxeter group).
o Kahzdan—Lustig generators b; :== T; + q.
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o B; categorifies b;

o Extended affine type A category 3’,‘3’“.
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o Diagrammatic calculus encodes relations. =




From representations to 2-representations

Soergel cats categorify Hecke algebras, so they must act on categories.
o Classical representation theory studies algebra homomorphisms

A — End(V), (V' a vector space)

o Categorify V to a category M: replace End(V) by the
bicategory End(M) of endofunctors and natural transformations.

o Formally, a 2-representation of a bicategory C is a pseudofunctor

C — End(M) C Cat.
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Terminology

o In this talk, a birepresentation of a bicategory C means a (wide)
finitary 2-representation in the sense of Mazorchuk—Miemietz and
Macpherson.

o For Soergel categories we will always work in this 2-representation
framework, and later in its triangulated analogue.
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From finitary to wide finitary

o Finitary birepresentations (Mazorchuk—Miemietz, 2011):
2-representations where all Hom-categories are equivalent to
finitary additive categories.

o Perfect for categorifying representations of finite-dimensional algebras.

In affine type, Soergel categories have infinitely many
indecomposable 1-morphisms, so the finitary condition fails.

o We therefore use Macpherson's wide finitary 2-representations
(2022), which allow infinitely many indecomposable 1-morphisms
while keeping each Hom-category finitary.
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Why triangulated 2-representations?

o Evaluation and induction functors are built using Rouquier
complexes.

o These live naturally in the homotopy category K?(S), not in the
Soergel category S itself.

The correct framework four our 2-representations is triangulated
rather than abelian or finitary J
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Evaluation functors: idea

Goal: categorify ev,.

o Monoidal functors: Ev,: Sext _y Kb(Sfin),

!

Uses Rouquier complexes R;:=B; —— R (R; categorifies T;)

B;— B; (i # n)
Ev,s:
B, = Rp-1® - ®@Ri[r)(s)

o Rouquier calculus only partially developed, but it suffices!
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Evaluation functors: result

Theorem (Mackaay—Miemietz—Vaz, 2024)

For each (r, s) there is a monoidal functor

Bv,s : S& — K5(S,)

categorifying the classical evaluation homomorphism.

What this gives:

e A family of triangulated 2-representations of «§f;"‘t.

Why it matters:
e These are the first evaluation 2-representations in affine type A.
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Categorical parabolic induction

We now do for parabolic induction what we did for evaluation...
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Categorified parabolic induction (maximal parabolic)

o Categorical embeddings

v, 3\,3“ — Kb(é\ﬁXt) and Vp: Aeftk — Kb(gﬁ’(t)

n

V. (Bj) =B; Vr(B)) = Bj1«
V,(B,) =B,R, 1R, 2Ry Vr(B,) =R, ' -R;'R{'B,

° Symmetric braiding VU, Vp ZVUpVY,
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Categorified parabolic induction

Theorem (Mackaay—Miemietz—Vaz, 2025)

There is a monoidal functor

Wk,nfk : S(/;\Xt X C)itk N Kb(sﬁxt)

n

categorifying parabolic induction.

What this gives:
e A categorified Zelevinsky tensor product of 2-representations.

Why it matters:
o It allows us to build new affine 2-representations from smaller ones.
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Example (n =2, k =1)

o Let V be the trivial birepresentation of S&t = (Bp).

@ Algebra object for V: X € §th’° is given by vV vV
X:=]]B, \ /
reZ VoV
Note: B, X = X.
@ Induction: Y := WV (XK X) € Kb(éA’;Xt’o), where
Y = H H(BpTl)r(Tlep)s-
reZseZ
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Example (n =2, k =1)

o Let V be the trivial birepresentation of S&t = (Bp).

@ Algebra object for V: X € Sfxm is given by v v
X :=[]B, N/
reZ 4 © 4
Note: B, X = X.
o Induction: Y := Wy (XK X) € Kb(85°), where
Y = H H(BpTl)r(Tlep)s-
reZseZ

@ Induced triangulated birepresentation: By a general construction due to
Fan—Keller—Qiu, there is a triangulated closure of

add {FY |Fe Kb(§§xt)} C KE(SEH).
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Summary: what did we achieve?

&a&mbm _ UM.
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Open questions and directions

e Theory of irreducibles in triangulated 2-representations.

o How can triangulated 2-reps of affine Soergel categories be
classified?

o Is there a triangulated version of the Zelevinsky classification?

: : b a
o Lift evaluation functor to a functor EVZS: Kb(Se) — Kb(Sim),
o Extension beyond affine type A.

o Connections with affine Springer theory, character sheaves, and
knot homology.

Towards Triangulated Birepresentations 24 / 26



Thank youl
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A diagram in Rouquier—Soergel calculus

k[0.E—1] [0,k—1]%[0,k—1] [n—1,klg
4 & \

v

0fn—1, k] [0, k—1] ko [0,k—1]
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